Abstract: Transportation problems involving routing and loading at the same time are currently a hot topic in combinatorial optimization. The interest of researchers and practitioners is motivated by the intrinsic difficulty of this research area, which combines two computationally hard problems, and by its practical relevance in important real world applications. This annotated bibliography aims at collecting, in a systematic way, the most relevant results obtained in the area of vehicle routing with loading constraints, with the objective of stimulating further research in this promising area.
INTRODUCTION
Many activities in freight transportation involve two basic optimization issues that have been intensively studied in the last decades: finding the optimal routes to deliver goods, and determine the best way for loading such goods on the vehicles used 312 for transportation. The great majority of problems arising in these two areas belong to the class of (strongly) NP -hard problems, and are very challenging in practice. Up to recent years, most of the research was concentrated on solving these problems separately, while now, their combined solution has attracted a number of researchers and practitioners and led to interesting theoretical, as well as practical results. To our knowledge, the only complete survey on this novel research area is M. Iori and S. Martello. Routing problems with loading constraints. TOP 18:4-27, 2010. This survey reviews the capacitated vehicle routing problem with two-and threedimensional loading constraints. It also covers a number of relevant variants, such as the multi-pile vehicle routing problem and traveling salesman problems with pickup and delivery plus loading constraints.
The present article reviews, in a systematic way, the most relevant results obtained in the area of vehicle routing with loading constraints, with special emphasis on contributions appeared in recent years.
The following sections present an annotated bibliography of results obtained in the following main fields:
• Section 2: a brief description of the (separate) routing and loading problems, with emphasis on recent surveys; • Section 3: the capacitated vehicle routing problem with two-dimensional loading constraints, and a number of its variants; • Section 4: the capacitated vehicle routing problem with three-dimensional loading constraints, and some relevant variants; • Section 5: other capacitated vehicle routing problems with loading constraints arising in real world applications;
• Section 6: the capacitated vehicle routing problem with pickup and delivery plus loading constraints (and a synthetic review of traveling salesman problems with pickup and delivery plus sequencing constraints).
ROUTING PROBLEMS AND LOADING PROBLEMS
In this section we provide a definition of the two basic problems from which the subject of the present article derives, and we comment a selection of recent related surveys.
Routing
The roots of routing problems date back to the Nineteenth century, when the Irish mathematician William Rowan Hamilton (1805-1865), defined the Hamiltonian Circuit Problem: decide if there exists a sequence of consecutive edges of a graph that visits each vertex exactly once.
Its extension to the weighted case gave rise to the famous Traveling Salesman Problem (TSP) defined in the Thirties by Karl Menger , on which intensive studies started in the Fifties (with Dantzig and Fulkerson, among others). Given a graph ( , ) G V E = , with vertex set { } A review of the main ingredients of exact algorithms based on polyhedral theory for both the symmetric and the asymmetric TSP.
In real world transportation problems, the TSP is generalized to the Capacitated Vehicle Routing Problem (CVRP), in which we search, instead of a single circuit, a set of circuits (called routes) which start and end at a central depot located at vertex 0. Given K identical vehicles of capacity D , and n customers, located at vertices 1, 2,..., , n each having a demand (0 )
the problem is to determine the routes so that each vehicle is assigned to at most one route, each customer is visited by one vehicle, the sum of the demands on each route is not greater than D , and the overall cost of all routes is a minimum. This problem has been deeply investigated since the Fifties. The interested reader is referred to the following books and surveys. Research, 224:435-448, 2013 . This survey on routing issues in supply chain contexts includes a section on container and pallet loading in warehouse logistics, in which routing problems with two-and threedimensional loading constraints are discussed.
Loading
In real world distribution problems the customers' demands are characterized not only by a weight (as in the CVRP) but also by a shape. It is then necessary to ensure that the transported items can be feasibly allocated within the vehicle loading space. Such issues are related to multi-dimensional rectangle packing problems, which arise as extensions of the classical one-dimensional bin packing problem. The latter problem can be described as that of allocating, without overlapping, a set of segments, each having a given width, to the minimum number of large identical segments. The main extensions to higher dimensions are:
• boxes into an open-ended three-dimensional strip of given width and height, and infinite length, so as to minimize the overall length at which the strip is used. The following papers provide general introductions to the area of rectangular packing: In addition to the need of obtaining a feasible placement of the demanded items in the loading space, a frequent relevant constraint is that the placement allows to perform the unloading operations without reshuffling the items (so that no time is wasted when the vehicle visits a customer). Some recent papers investigated such type of packing problems: L. Junqueira, R. Morabito, and D. SatoYamashita. MIP-based approaches for the container loading problem with multi-drop constraints. Annals of Operations Research, 199:51-75, 2012 . The paper presents Mixed Integer Linear Programming (MILP) models for packing rectangular items into a single container so that, for a prefixed visiting sequence, the items can be directly unloaded, and the loading is stable.
J.L.M. da Silveira, F.K. Miyazawa, and E.C. Xavier. Heuristics for the strip packing problem with unloading constraints. Computers & Operations Research, 40:991-1003 . The algorithms introduced in this paper provide approximate solutions to a version of the 2SPP in which an unloading item sequence is prefixed, and the packing must allow to unload each item without moving any other item.
S. Ceschia and A. Schaerf. Local search for a multi-drop multi-container loading problem. Journal of Heuristics, 19: 275-294, 2013 . The paper investigates a number of real world loading constraints arising in variants of the 3BPP, and presents local search algorithms for their solution.
CAPACITATED VEHICLE ROUTING WITH TWO-DIMENSIONAL LOADING
Consider a generalization of the CVRP (see Section 1), in which, for the demand of a customer ( 1,2,..., ) i i n = , the total weight i d is determined by i m items.
Item
( 1, 2,..., )
has width i w l and height i h l , while the loading surface of each vehicle has width W and height H . Let
denote the set of customers visited by vehicle k . In addition to the classical CVRP capacity constraint,
, a solution requires a feasible (non-overlapping) loading of all items requested by the customers of ( ) S k into the W H × loading area. The resulting problem, denoted as the 2L-CVRP (Capacitated Vehicle Routing Problem with Two-Dimensional Loading Constraints), arises in real world applications in which the loaded items cannot be stacked one on top of the other because of their fragility or weight.
A number of variants of the 2L-CVRP has been considered in the literature, basically coming from two additional criteria:
• Orientation: the items may have a fixed orientation, i.e., they must be packed with their w-edge (resp. h-edge) parallel to the W-edge (resp. H-edge) of the loading surface, or they can be rotated by 90 o ; • Sequential loading: it may be imposed that the loading pattern of each vehicle is such that the demanded items of each customer can be downloaded through a sequence of a single straight movement per item, parallel to the H-edge of the loading area. This version is denoted as sequential loading (or rear loading, or LIFO), while the version in which this is not imposed is usually called unrestricted.
Note that the sequential loading constraint imposes that the strip going from the w-edge of any item demanded by a customer to the rear of the vehicle cannot contain any (portion of) item demanded by the customers that are visited later in the same route.
M. Iori. Metaheuristic algorithms for combinatorial optimization problems. 4OR, 3:163-166, 2005 . This is the summary of Iori's PhD thesis, that contains exact and heuristic algorithms for some 2L-CVRPs as well as a set of benchmark instances, available on line at http://www.or.deis.unibo.it/research.html M. Iori, J.J. Salazar Gonzalez, and D. Vigo. An exact approach for the vehicle routing problem with two-dimensional loading constraints. Transportation Science, 41:253-264, 2007 . This is the first exact algorithm for the sequential 2L-CVRP with integer edge costs. It also handles two additional restrictions that sometimes appear in the CVRP literature: (i) all K vehicles must be used, and (ii) no one-customer route is allowed. The algorithm is based on a branch-and-cut approach that uses valid inequalities to remove infeasible loading sequences. The feasibility of a loading pattern is evaluated through heuristics and a nested branch-and-bound procedure.
M. Gendreau, M. Iori, G. Laporte, and S. Martello. A tabu search heuristic for the vehicle routing problem with two-dimensional loading constraints. Networks, 51:4-18, 2007 . This is the first metaheuristic (Tabu search) algorithm for the 2L-CVRP. It handles both the sequential and the unrestricted version. The algorithm can accept moves producing infeasible routes (either because of excessive weight, or because of loading patterns exceeding the height of the loading surface).
G. Fuellerer, K.F. Doerner, R. Hartl, and M. Iori. Ant colony optimization for the twodimensional loading vehicle routing problem. Computers & Operations Research, 36:655-673, 2009 . This Ant Colony Optimization (ACO) algorithm is initialized with a population of ants, each of which searches for a low-cost feasible solution through a generalization of the classical savings algorithm. The loading feasibility is checked through lower bounds, heuristics, and a truncated branch-and-bound. E.E. Zachariadis, C.D. Tarantilis, and C.T. Kiranoudis. A guided tabu search for the vehicle routing problem with two-dimensional loading constraints. European Journal of Operational Research, 195:729-743, 2009 . This Tabu search algorithm makes use of a guiding mechanism that drives the search towards highly diversified solution areas. The information on the generated routes is stored in hash maps to avoid useless re-executions. 
Variants
For a number of relevant classic variants of the CVRP (time windows, heterogeneous fleet, ...), the addition of (variants of) two-dimensional loading constraints has been considered in the recent literature. 
CAPACITATED VEHICLE ROUTING WITH THREE-DIMENSIONAL LOADING
The Capacitated Vehicle Routing Problem with Three-Dimensional Loading Constraints (3L-CVRP) is the following generalization of the CVRP (see Section 1). In this case, the total weight di of the demand of customer ( 1, The former paper addresses the issue of integrating the CVRP with time windows and the three-dimensional container loading problem, proposing a number of constructive heuristics. The latter paper extends the results to a multi-objective case in which the objective function considers the number of vehicles, the total traveled distance, and the volume utilization. The problem is solved through a genetic algorithm.
G. Koloch and B. Kaminski. Nested vs. joint optimization of vehicle routing problems with three-dimensional loading constraints. Engineering Letters, 18:193-198, 2010 . The paper concerns a vehicle routing problem with three-dimensional loading constraints, but without capacity constraints. Two approaches are proposed and compared. The authors do not mention previous results on combined routing and loading. 
OTHER CAPACITATED VEHICLE ROUTING PROBLEMS WITH REAL WORLD LOADING CONSTRAINTS
In this section we consider some real world CVRPs with additional loading constraints, which are related to the issues considered in Sections 3 and 4. In most cases, the loading aspects of the considered problems have a three-dimensional characterization, but they are solved through reduction to a two-dimensional case. Other (more traditional) vehicle routing problems with additional constraints that are not clearly identified as twoor three-dimensional packing are beyond the scope of this article. For example, vehicle routing problems with multi-compartment loading (where the transported goods are typically liquids of different kinds), that arise in land or sea transportation.
Multi-pile vehicle routing problems
In transportation problems faced by timber companies, each customer requires a set of chip-boards which may have very different sizes. In the Multi-Pile Vehicle Routing Problem (MP-VRP) the chipboards of similar size requested by a customer are preventively palletized, thus producing short and long pallets, all having the width of the vehicle. The items can be stacked one on top of the other, producing piles, but no supporting surface is required as, in the loading phase, "holes" are filled with bulk material. In addition, the constraint on sequential loading (see Section 3) is usually imposed. The black box is a function that tests the feasibility of a proposed route, hence it can be used to model any set of loading constraints. The authors propose a column generation approach for determining a locally optimal solution. The column generation is guided by an ACO construction heuristic. The approach is tested both on the 3L-CVRP and the MP-VRP.
Auto-carrier transportation problems
The Auto-Carrier Transportation Problem (ACTP) combines the traditional routing problem and the loading of vehicles into the auto-carrier platforms. The loading aspect is particularly difficult, as it involves the shapes of the loaded goods (cars, trucks, etc), which can be very irregular and non-convex.
R. Tadei, G. Perboli, and F. Della Croce. A heuristic algorithm for the auto-carrier transportation problem. Transportation Science, 36:55-62, 2002 . The paper considers the real world case of an Italian vehicle transportation company, and provides a heuristic approach based on an ILP formulation. The considered problem involves a multiple-day delivery plan, and requires the maximization of the overall profit. The loading subproblem is relaxed and heuristically solved. The routing subproblem is attacked by an ILP in which all possible destinations are grouped into clusters, followed by a local search refinement. An ACTP arising in the international ship transportation of vehicles is modeled as an MILP.
PICKUP AND DELIVERY PROBLEMS WITH LOADING CONSTRAINTS
In transportation problems with Pickup and Delivery constraints, each customer is associated with an origin location, where a demand (characterized by its weight) must be picked up, and a destination, where such a demand must be delivered. The interested reader is referred to the following recent surveys.
G. Berbeglia, J.-F. Cordeau, I. Gribkovskaia, and G. Laporte. Static pickup and delivery problems: A classiffication scheme and survey. TOP, 15:1-31, 2007 . This paper presents a general framework for modeling a large number of pickup and delivery problems, and classifies them according to three main categories. In many-tomany problems, each demand may have multiple origins and/or multiple destinations. In one-to-many-to-one problems, some demands must be delivered from a depot to many customers, while other demands must be collected at the customers and transported back to the depot. In one-to-one problems, each demand has a single origin and a single destination between which it must be transported. In the next section we examine results in which the two-and three-dimensional loading constraints play a consistent role, while we collectively list contributions in which the loading aspects only appear as sequencing constraints.
Vehicle routing problems with pickup and delivery, and multi-dimensional loading constraints
The following papers deal with problems in which the demands are characterized as sets of two-or three-dimensional items that have to be transported from a single origin to a single destination. T. Bartók and C. Imreh. Pickup and delivery vehicle routing with multidimensional loading constraints. Acta Cybernetica, 20:17-33, 2011 . This paper introduces a CVRP with pickup and delivery and three-dimensional loading constraints, and proposes a heuristic algorithm for its solution.
E.E. Zachariadis, C.D. Tarantilis, and C.T. Kiranoudis. The pallet-packing vehicle routing problem. Transportation Science, 46:341-358, 2012. In the basic problem considered in this paper, the transported three-dimensional goods are preventively palletized, and the pallets are then packed into the vehicles, subject to time windows constraints. In a more complex version, pickup and delivery is also imposed. For both problems, the authors present a Tabu search approach, enhanced by the use of hash tables.
Traveling salesman problems with pickup and delivery, and sequencing constraints on the load
In the classical TSP with pickup and delivery the sequence in which the items are loaded and unloaded from the vehicle is irrelevant. The recent literature considers cases where the reshuffle of the load is impossible, or has a relevant cost. Contributions in this field may be classified according to four types of loading/unloading policies, corresponding to the four groups of papers below. The first three groups are related to transportation from a single origin to a single destination, while the fourth group concerns one-to-many-to-one transportation. Networks, 60:212-226, 2012 . These fourteen papers deal with the double traveling salesman problem with multiple stacks, in which the load is structured in a number of stacks, each of which must obey a LIFO loading/unloading policy. In addition, it is usually imposed that all pickups be completed before any delivery can occur, and that pickups and deliveries be performed in two separate routes. The problem is to find the two routes and the stacking plan that minimize the total transportation costs. The last two papers deal however with the variant in which pickups and deliveries may be performed in mixed order.
M. Battarra, G. Erdoğan, G. Laporte, and D. Vigo. The traveling salesman problem with pickups, deliveries, and handling costs. Transportation Science, 44:383-399, 2010 . G. Erdoğan, M. Battarra, G. Laporte, and D. Vigo. Metaheuristics for the traveling salesman problem with pickups, deliveries and handling costs. Computers & Operations Research, 39:1074 -1086 , 2012 . The problem treated in these two papers concerns the case where one commodity has to be delivered from the depot to the customers, and another commodity has to be picked up at the customers and returned to the depot. A LIFO policy should be followed, but reshuffling of the cargo is allowed at the expenses of an additional cost.
CONCLUSIONS AND OPEN PERSPECTIVES
We have classified and examined a bibliography on vehicle routing problems with two-and three-dimensional loading constraints, a recent and challenging research area in transportation science. An evident proof of the interest of researchers is the fact that about 60% of the reviewed papers appeared in the two thousand and tens. We are hoping that this annotated bibliography will stimulate further research in this lively and active field.
